Abstract. The notion of a saddle surface is well known in Euclidean space. In this work we extend the idea of a saddle surface to geodesically connected metric spaces. We prove that any solution of the Dirichlet problem for the Sobolev energy in a nonpositively curved space is a saddle surface. Further, we show that the space of saddle surfaces in a nonpositively curved space is a complete space in the Fréchet distance. We also prove a compactness theorem for saddle surfaces in spaces of curvature bounded from above; in spaces of constant curvature we obtain a stronger result based on an isoperimetric inequality for a saddle surface. These results generalize difficult theorems of S.Z. Shefel on compactness of saddle surfaces in a Euclidean space.
Introduction
A surface in a Euclidean space is said to be a saddle surface if it is impossible to cut off a crust by any hyperplane. In this sense saddle surfaces are opposed to convex surfaces. In contrast to the theory of convex surfaces, the results in the theory of saddle surfaces are in many respects far from complete. Non-regular saddle surfaces in E n were mainly studied by S.Z. Shefel ([19] , [20] , [21] ). Historically, saddle surfaces are connected with the Plateau problem in Euclidean spaces ( [14] ).
In this work we extend the idea of a saddle surface to geodesically connected metric spaces and we study the class of saddle surfaces in spaces of curvature bounded from above in the sense of A.D. Aleksandrov. Spaces of bounded curvature inherit basic properties of Riemannian manifolds while they can have strong topological and metric singularities.
Saddle surfaces in a Euclidean space are usually defined by means of the operation of cutting off crusts by hyperplanes, or any other equivalent operation of hyperplanes ( [21] ). Therefore, a generalization of the classical definition to any metric space is not quite obvious. The definition we propose here for a saddle surface in a general geodesically connected metric space (Definition 3) makes use of the concept of convex hull and goes back to a property that a regular solution of the Plateau problem satisfies ( [17] , Lemma 7.1).
First, in Section 2, we recall what it means for a metric space to be of curvature bounded from above and we give the definition and some first examples of saddle surfaces in such spaces.
In Section 3 we provide a source of examples of saddle surfaces in nonpositively curved spaces. We show that an energy minimizing surface in a complete nonpositively curved metric space is a saddle surface (Theorem 6). An energy minimizing surface is a Sobolev mapping with given trace which is stationary (among the mappings having the same trace) for the Sobolev energy. We note here that nonregular area minimizing surfaces are not in general saddle surfaces. There are many examples of non-Riemannian spaces which are nonpositively curved, e.g. trees, Euclidean buildings, Hilbert spaces, and other infinite dimensional symmetric spaces ( [4] , [10] ).
In Section 4 we show that in a nonpositively curved space the notion of a saddle surface is well defined for a general Fréchet surface (Proposition 12 ), and we prove that the space of saddle surfaces is complete in the Fréchet distance (Theorem 16).
A condition for compactness of a family of saddle surfaces in a compact space of bounded curvature, which assumes restrictions on area and lengths of bounding curves, is given in Section 5 (Theorem 17). In spaces of constant curvature we show that an isoperimetric inequality for the class of saddle surfaces (Theorem 21) reduces compactness of a family of saddle surfaces to the compactness of the set of bounding curves (Theorem 23). These results generalize difficult theorems of S.Z. Shefel on compactness of saddle surfaces in a Euclidean space ( [21] ).
2. Saddle surfaces in metric spaces of curvature bounded from above by κ 2.1. Domain R κ . A notion of curvature of metric spaces can be defined by comparing triangles in a metric space with the corresponding model triangles in the κ-plane with sides of the same length. The definition is due to A.D. Aleksandrov and the curvature is usually referred to as the curvature in the sense of A.D. Aleksandrov. Aleksandrov's spaces are a natural generalization of Riemannian manifolds but they are of a much more general nature. For more details, see [5] .
The n-dimensional κ-space S n κ (κ-plane for n = 2) is the hyperbolic space H n κ for κ < 0, the Euclidean space E n for κ = 0, and the upper open hemisphere S n + κ −1/2 of E n+1 of radius κ −1/2 with the induced metric, when κ > 0. Every S n κ is a Riemannian simply connected manifold of constant sectional curvature κ such that any pair of points can be joined by a unique geodesic segment-a curve of minimal length joining given pair of points. Notice that S n κ is a complete space only if κ ≤ 0.
An R κ domain, abbreviated by R κ , is a metric space satisfying the following axioms:
Axiom 1: Any two points in R κ can be joined by a geodesic segment. Axiom 2: If κ > 0, then the perimeter of each triangle in R κ is less than 2π √ κ . Axiom 3: Each triangle in R κ has nonpositive κ-excess; that is, for the angles α, β, γ of a triangle ABC,
where α κ , β κ , γ κ are the corresponding angles of a triangle A κ B κ C κ on the κ-plane with sides of the same length as ABC Another term for an R κ domain is a CAT (κ) space. However, we will use Aleksandrov's original notation ( [1] ). It is evident that any κ-space is an R κ domain.
A space of curvature bounded from above by κ in the sense of A.D. Aleksandrov is a metric space with intrinsic metric, each point of which is contained in some neighborhood of the original space, which is an R κ domain.
We mention that any two points of R κ are joined by a unique geodesic segment, and any ball (of radius less than
, if κ > 0) in an R κ domain is convex; that is, the geodesic segment joining any two points of the ball is still in the ball.
Finally, recall that a metric space with intrinsic metric is called geodesically connected if every pair of points can be joined by a geodesic segment. In the Euclidean space E n we say that a hyperplane P cuts off a crust from the surface f if among the connected components of f −1 (f (D) P ) there is one with positive distance from the boundary of D. If U is such a component, then the set f (U ) is called a crust. A surface f in E n is said to be a saddle surface if it is impossible to cut off a crust from it by any hyperplane.
We extend the idea of a saddle surface to any geodesically connected metric space by making use of the concept of convex hull. Let A be a subset of M . 
Remark 2. It follows directly from Definition 1 that if x ∈ G (n) (A) for some nonnegative integer n, then there exist finitely many points a 1 , ..., a m ∈ A such that
Notice that convex hull is always a closed set. In fact, in any R κ domain, conv(A) is the smallest closed convex subset containing A. Convex hull has special properties in nonpositively curved spaces.
We mention that if γ is a Jordan plane curve, then E 2 γ has exactly two connected components. We denote by intγ the bounded component and by extγ the unbounded one.
Definition 3.
A surface f in a metric space M is said to be a saddle surface if
for every Jordan curve γ ⊂ D having positive distance from the unit circle.
Notice that saddle surfaces are, by definition, compact surfaces. Theorem 4 below shows the equivalence of Definition 3 with the classical one in the case of a Euclidean space.
Theorem 4 ([11]). If f is a surface in E
n , then the following are equivalent: a) It is impossible to cut off a crust from f by any hyperplane. 
3) It is not difficult to see that saddle surfaces are preserved under the action of any continuous geodesic mapping. Since the inclusion mapping id : 
Energy minimizing surfaces
An energy minimizing surface is an extremal of the energy functional with prescribed boundary condition. The energy of a mapping in a metric space was originally introduced by N. Korevaar and R. Shoen in [13] and independently by J. Jost in [9] in connection with the Dirichlet problem in nonpositively curved spaces. We recall what energy means in an R 0 domain and then we prove that every energy minimizing surface in a complete R 0 domain is a saddle surface (Theorem 6). In what follows D is the unit closed disk in the Euclidean plane, D ε is the set of points in D with dist (x, ∂D) ≥ ε, and D(x, ε) denotes the closed disk of radius ε centered at x.
The class L 2 (D, R 0 ) is defined to be the set of all Borel-measurable surfaces
The set of C ∞ -smooth functions h : D −→ R which are compactly supported in the interior of D is denoted by C ∞ 0 (D). We define the classŴ 
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A surface in the class W 1 2 (D, R 0 , ϕ) whose energy is equal to D(ϕ) is called an energy minimizing surface. The solution of the Dirichlet problem in nonpositively curved spaces is provided by the following theorem.
Moreover, f is locally Lipschitz continuous in the interior of D.
Theorem 6 is a source of examples for saddle surfaces in nonpositively curved spaces.
Theorem 6. Every energy minimizing surface in a complete
The proof of Theorem 6 is based on Lemma 11 which is a refinement of the Definition 3, and on a lemma of H. Busemann and W. Feller. Lemma 11 enable us to handle the definition of saddle surface using Jordan plane curves of zero Lebesgue measure. We need some extra terminology and lemmas. 
is a point similar to x, then the following inequality holds:
Proof. We need the following lemma due to Yu.G. Reshetnyak.
Lemma 9 ([18]). Let {P, Q, R, S} be a quadruple of distinct points in an
Then for any t ∈ [0, 1] the following inequality holds:
If n = 0, then (1) holds as an equality. Suppose that (1) holds for the nonnegative integer n − 1. Let x ∈ G (n) ({x 1 , ..., x k }) and y ∈ G (n) ({y 1 , ..., y k }) such that x is similar to y. Then there are points x , x ∈ G (n−1) ({x 1 , ..., x k }), and y , y ∈ G (n−1) ({y 1 , ..., y k }) and some number t ∈ [0, 1] satisfying the conditions (i), (ii), and (iii) of Definition 7. Then, by Lemma 9,
where the last inequality is based on the inductive assumption.
Lemma 10. Let {γ n : n ∈ N}, and let γ be parametrized Jordan curves in an R 0 domain such that lim n→∞ γ n = γ uniformly. Then for any sequence {x n : n ∈ N} with x n ∈ conv (γ n ) there is a sequence {y n : n ∈ N} ⊆ conv (γ) such that
Proof. Let n be fixed and x n ∈ conv (γ n ) . Suppose x n ∈ G (k) (γ n ) , for some k ∈ N. Then, by Remark 2, there are points t 1 , t 2 , ..., t m on the unit circle S 1 such that x n ∈ conv {γ n (t 1 ), ..., γ n (t m )}. Consider the points γ(t 1 ), ..., γ(t m ) on the curve γ and define the point y n ∈ conv {γ(t 1 ), ..., γ(t m )} to be similar to the point x n , according to Definition 7. Then, by Lemma 8,
Suppose x n belongs in the closure of the union of all
). An application of the triangle inequality completes the proof. Proof. The implication a)⇒b) is trivial. Let γ be a Jordan curve in D with dist (γ, ∂D) > 0, and {γ n : n ∈ N} be a sequence of Jordan polygonal curves in D with dist (γ n , ∂D) > 0 such that lim n→∞ γ n = γ uniformly. Then f (γ n ) uniformly converges to f (γ) since f is uniformly continuous on the compact set D. Suppose, contrary to the claim, that f (intγ) is not a subset of conv (f (γ)) . Then there is a point s ∈ intγ with x ≡ f (s) / ∈ conv (f (γ)) . Let d > 0 be the distance of x from convf (γ) . Since s ∈ intγ and lim n→∞ γ n = γ uniformly, there exists a positive integer N = N (s) = N (x) such that s ∈ intγ n for all n ≥ N. Therefore, x ≡ f (s) ∈ f (intγ n ) for all n ≥ N , and hence, x ∈ conv (f (γ n )) for all n ≥ N, since f (intγ n ) ⊆ conv (f (γ n )) . By Lemma 10, choose a sequence {y n : n ∈ N} ⊆ conv (γ) so that d (x, y n ) ≤ α n for all n ≥ N with lim n→∞ α n = 0. Then dist (x, convf (γ)) = 0. This is a contradiction.
Proof of Theorem 6. Let f be an energy minimizing surface in a complete R 0 domain. Then there is a mapping ϕ ∈W 
Suppose that f is not a saddle surface. Then, by Lemma 11, there exists a Jordan, polygonal curve γ in D such that dist (γ, ∂D) > 0 and f (intγ) is not a subset of conv (f (γ)) . Consider the nearest point projection
This is a well-defined mapping, since conv (f (γ)) is a closed, convex set in a metric space of curvature bounded above by zero and, by a lemma of H. Busemann and W. Feller ( [15] ), it is a non-expanding mapping; that is,
This inequality leads to a contradiction since, by uniqueness, g = f which contradicts the hypothesis that f (intγ) is not a subset of conv (f (γ)) . The energy of g is given by the formula
For any sufficiently small ε > 0, we define 
It is known that ∼ is an equivalence relation in the collection of surfaces. In addition, We need the following technical lemma. Lemma 13. Let K be a subset of an R 0 domain, and let {z n : n ∈ N}be a sequence of points in R 0 such that z n ∈ conv y∈K B y, 1 n for all n ∈ N and lim n→∞ z n = z for some z ∈ R 0 . Then z ∈ conv(K).
Proof. The convex hull is by definition a closed set, so it suffices to prove that for any
Then, by Remark 2, there are y 1 , ..., y m ∈ K and a 1 ∈ B y 1 ,
Suppose that z n belongs to the closure of the union of all G
The triangle inequality implies the desired inequality.
Proof of Proposition 12. Let ε > 0. Then there exists a homeomorphism h
Let γ be a Jordan curve in D having positive distance from the unit circle, and
, and therefore,
B(y, ε).
Now taking ε = 1/n, we can assume, without loss of generality, that the sequence
is a compact set. Taking limits as n → ∞ in (4), and using Lemma 13, we have f 1 (x) = z and z ∈ convf 1 (γ). Thus, f 1 (intγ) ⊂ convf 1 (γ). The proof is complete. 
where the infimum is taken over all possible homeomorphisms h : 
n , for all x ∈ D and m ≥ N (n). Let {l n : n ∈ N} be an increasing sequence of positive integers such that l n ≥ N (n).
By the triangle inequality, we have
Proof of Theorem 14. Let {f n } n∈N be a sequence of saddle surfaces in an R 0 domain converging to a surface f in the Fréchet sense, and let ε > 0. Then there exists a positive integer n 0 = n 0 (ε) such that
Let γ be a Jordan curve in D, having positive distance from the unit circle, and x ∈ intγ. Then h ε,n (x) ∈ h ε,n (intγ) = int(h ε,n (γ)), and therefore,
since f n is a saddle surface. Set z ε,n ≡ f n (h ε,n (x)). Then (5) and (6) 
B(y, ε). Taking ε → 0, and choosing a convergent subsequence of z ε,n ≡ f n (h ε,n (x)) , insured by Lemma 15, we have, by Lemma 13 , that f (x) ∈ convf (γ). The fact that x is an arbitrary point in intγ yields f (intγ) ⊂ convf (γ). The proof is complete.
It is known that the space of Fréchet surfaces is a complete metric space relative to the Fréchet distance, so we obtain the following theorem. 
Compactness theorem
The area of a surface in a general metric space was originally introduced by I.G. Nikolaev in connection with the Plateau Problem ( [15] ). The following theorem provides a condition for compactness of a family of saddle surfaces in a compact space of bounded curvature which assumes restrictions on area and lengths of bounding curves. Let ε > 0. For each n ∈ N let us fix a parametrization f n for the surface [f n ]. Since the lengths of the bounding curves of {f n } n∈N are uniformly bounded then, by Hilbert's Theorem, the sequence of these bounding curves is a relatively compact set. So it has a convergent subsequence in the Fréchet sense. For the sake of simplicity let us assume that the sequence of bounding curves converges. Let τ (ε) be the uniform constant ensured by Lemma 19. Also, since the areas of the sequence {f n } n∈N are uniformly bounded, then by Lemma 20, each f n , n = 1, 2, ..., satisfies Courant's condition relative to a uniform constant C > 0. Choose δ > 0 such that
constants k 1 , k 2 such that for any curve γ and any surface f in the compact subset K we have k 2 (γ) ≤ (ϕ • γ) ≤ k 1 (γ) and k The above theorem can be restated as follows.
Theorem 23. In order that a family of saddle surfaces in S n κ be relatively compact it is necessary and sufficient that the family of Jordan bounding curves of the given surfaces be relatively compact.
